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We discuss a project on rigid-body motion that is appropriate for students in an upper-division course

in classical mechanics. We analyze the motion of Hurricane Balls, two spheres that are welded (or

glued) together so they act as a single object that can be spun like a top. The steady-state motion

consists of purely rotational motion about the center of mass, such that only one ball is in contact

with the table as it rolls without slipping. We give a qualitative explanation for why one ball rises

into the air, and we theoretically analyze the system using multiple approaches. We also perform a

high-speed video analysis to obtain experimental data on how the orientation depends on the spin

rate, and find agreement within a few percent of the theory. VC 2015 American Association of Physics Teachers.

[http://dx.doi.org/10.1119/1.4930087]

I. INTRODUCTION

Classical mechanics is one of the core areas of an under-
graduate physics curriculum, where students are typically
exposed to a thorough mathematical treatment of Netwon’s
laws, as well as the alternative formulations of Lagrange and
Hamilton. Typically, one of the culminating topics in such a
course is the study of rigid-body motion, where the motion
of a spinning top is often discussed using a Lagrangian
approach and the introduction of Euler angles.1 While this
problem provides a beautiful example of the power of the
Lagrangian method, our experience is that the mathematical
challenges often preclude students from focusing on the
essential physics. While such mathematical challenges are
an important part of a physics major’s education, students
can benefit even more from a problem if it offers both theo-
retical and experimental components.

A “double-sphere,” originally popularized as Hurricane
Balls,2 is a simple spinning-top toy constructed by welding
two steel balls together (see Fig. 1). When spun on a smooth
surface, the double-sphere spins with very little friction, and
the spin rate can be increased by blowing on one side of the
spinning object through a small tube. Once set in motion, the
double-sphere will continue whizzing around for several
minutes, slowly decreasing its spin rate as energy is dissi-
pated by air drag and friction. According to the original man-
ufacturer’s website, angular speeds of 12,000 rpm have been
recorded for Hurricane Balls. Our own experimentation
shows that it is relatively easy to reach angular speeds of
3,000 rpm while blowing through a tube, and without too
much difficulty we were able to reach spin rates of
8,000 rpm using a compressed air source.

Although a double-sphere does not offer the surprising
behavior of objects such as a tippe-top3,4 (which flips itself
over) or a rattleback5,6 (which reverses its direction of spin),
its simplicity and beauty while spinning are still quite engag-
ing to students. Indeed, when the spin rate is high enough
that you can start to hear the toy hum like a jet engine, pass-
ing students can’t help but stop to find out what’s going on.
In addition, the relative simplicity with which a double-
sphere can be analyzed and understood makes it an ideal
example to discuss in an undergraduate classical mechanics
course. Figure 1 shows a picture (with a video enhancement
online) of our double-sphere in action. The high spin rates
make the precise motion impossible to observe with the
naked eye, lending a sense of mystery to the motion and

providing ample room for debate and discussion before delv-
ing into a more detailed analysis.

A glance at the bottom panel of Fig. 1 suggests that the
motion of a spinning double-sphere is nontrivial. The toy is
not spinning so that both balls are in contact with the table,
nor is it spinning with its symmetry axis oriented vertically.
Instead, the motion appears to be such that only one ball is in
contact with the table. As such, this toy provides a very

Fig. 1. A double-sphere (a.k.a. Hurricane Balls) is a simple spinning toy

that consists of two balls welded (or glued) together. The bottom photograph

shows the toy when spinning at approximately 3,000 rpm (enhanced online)

[URL: http://dx.doi.org/10.1119/1.4930087.1].
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simple demonstration of rigid-body motion in which the
angular velocity is not aligned with the angular momentum.
Another simple example of such nontrivial motion is torque-
free precession, which can be observed by taking, say, an
empty tin can and tossing it up in the air while spinning it
about its axis of symmetry. Such an object experiences no
external torques (neglecting air resistance), so the angular
momentum vector remains fixed. However, unless one is
extremely careful (or lucky), the act of spinning and tossing
the can in the air will normally lead to an angular velocity
that is not precisely parallel to the axis of symmetry. The
result is that the angular velocity vector rotates around the
(fixed) angular momentum vector, which is observed visu-
ally by the wobbly motion of the symmetry axis precessing
around the direction of the angular momentum.7,8

Unlike the free precession of the spinning tin can, the
motion of a double-sphere is not torque free, but it is also
much more reproducible. Once the double-sphere is set spin-
ning, the motion quickly reaches a predictable steady state
that depends only on the spin rate and is controllable (to
some degree) using a source of compressed air.

Three things become evident after a little experimentation
with this toy. First, there is a critical spin rate below which
the motion is not sustained. Second, the higher the rotation
rate, the more the toy appears to “stand up”: the angle
between the symmetry axis and the horizontal increases with
spin rate. And third, the angle between the symmetry axis
and the horizontal appears to level off at some maximum
value as the spin rate continues to increase.

The purpose of this paper is to investigate both theoreti-
cally and experimentally the steady-state motion of a
double-sphere and to try to understand the three observations
just described. We will not perform an exhaustive analysis of
all possible motions of such an object, nor will we focus on
the stability (or instability) of various types of motion.
Instead, our goal is to investigate the steady-state motion in a
manner we believe will be interesting and accessible to stu-
dents in an upper-division course in classical mechanics.

While this manuscript was under revision, an independent
analysis of Hurricane Balls was published by Andersen and
Werner.9 Although our results are in agreement with their
work, the two approaches are complementary. One differ-
ence is that we provide a more detailed analysis overall, par-
ticularly in connection with the experimental results. Our
hope is that this additional detail will be useful to instructors
who want to incorporate the motion of a double-sphere into a
course or a student project.

The remainder of the paper is organized as follows. In
Sec. II, we give a qualitative description of a spinning
double-sphere, outlining the essential physics that gives rise
to the motion. In Sec. III, we take a slow-motion look at the
behavior of a double-sphere and theoretically analyze the
problem using multiple approaches. In Sec. IV, we present
experimental results of a video analysis of the motion and
compare the data to our theoretical results. Finally, in
Sec. V, we offer some final thoughts and include some rec-
ommendations on how to incorporate this problem into a
course on classical mechanics.

II. QUALITATIVE DESCRIPTION

One of the easiest ways of starting the motion is to place a
finger on top of the double-sphere while it is lying on a table,
and to impart a large amount of spin about the symmetry

axis by quickly pushing down so that the double-sphere is
propelled outwards. After a fairly brief period of time in
which the double-sphere goes through some rather compli-
cated gyrations, the top quickly attains a steady state in
which the motion is purely rotational, with the center of
mass remaining essentially at rest (bottom panel of Fig. 1).

We begin by considering the idealized situation in which
the double-sphere is set spinning about its symmetry axis,
while both balls are in contact with the table and the center
of mass is at rest (see Fig. 2). The main forces acting are
gravity, the normal force of the table, and kinetic friction (air
resistance is neglected throughout this work). The gravita-
tional force is balanced by the normal force, so the net force
will point in the direction of friction—out of the page in
Fig. 2. The result is that the center of mass will accelerate as
the double-sphere begins to roll along the table.

In addition to the forces, there are also torques acting
about the center of mass of the double-sphere. The upward
normal forces NA and NB acting at points A and B give rise
to equal and opposite torques that point into and out of the
page, respectively. Meanwhile, the frictional forces FA and
FB acting at points A and B give rise to the torques CFA

and
CFB

shown in Fig. 2. Thus, the net torque about the center of
mass points in a direction opposite (to the left) to the angular
momentum L ¼ Ix; I here is the moment of inertia about the
symmetry axis and x is the angular velocity. The result is a
net torque that decreases the angular momentum L, reducing
the spin rate of the double-sphere.

Now imagine that one of the balls momentarily loses con-
tact with the table; perhaps there is a small pit on the table or
a small piece of dirt on one of the balls causes a tiny “hop.”
To make things as simple as possible, we will assume that
the double-sphere remains oriented exactly as shown in
Fig. 2, but without any contact at point B (imagine the table
under the right ball suddenly disappears).10 In this scenario,
both the normal force NB and the frictional force FB will be
zero, as will the associated torques CNB

and CFB
. (We con-

tinue to assume that the center of mass is initially at rest and
that the angular velocity initially points to the right.) What
happens next?

Immediately after the normal force NB disappears, the
gravitational force will be larger than the normal force NA,
so it might appear that the center of mass will (initially)
accelerate downwards. However, we must also consider the
torques about the center of mass. Now, in addition to a com-
ponent that points to the left (due to FA), there is a vertical
component (also due to FA), as well as a component pointing

Fig. 2. A schematic diagram of a double-sphere spinning about its axis of

symmetry on a table, while the center of mass is at rest. The angular momen-

tum L and the angular velocity x both point in the same direction (in this

case, to the right). The normal forces acting at points A and B give rise to

equal and opposite torques about the center of mass that point into and out

of the page, respectively (not shown). The frictional forces acting at points A
and B give rise to torques about the center of mass shown as CFA

and CFB
,

respectively.
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into the page (due to NA). As before, the component of the
net torque pointing to the left opposes the angular momen-
tum L, thus reducing the spin rate. What’s more, the vertical
component of torque will change the direction of L so that it
is no longer completely horizontal. This change in L has the
effect (for large L) of rotating the double-sphere about the
center of mass in a direction that is out of the page in Fig. 2,
and since the table prevents the left ball from moving down-
ward, the result is an increase in the normal force NA and a
net upward force that causes the center of mass to rise.
Finally, the component of torque pointing into the page leads
to precessional motion that one might expect from such a
spinning object.

To summarize, the center of mass (and the right ball in
Fig. 2) will rise due to an increase in the normal force NA

that results from the vertical component of the frictional tor-
que CFA

. Interestingly, the frictional force dissipates energy
out of the system, but it is also (indirectly) responsible for
causing the center of mass to rise. Such an increase in gravi-
tational potential energy comes at the expense of kinetic
energy as the system is re-oriented due to the forces and tor-
ques. Once one ball has been lifted off the table and the
double-sphere begins to precess, the frictional force will con-
tinue to dissipate energy, decreasing the spin rate until the
ball in contact with the table rolls without slipping. At this
point, with the (kinetic) frictional force eliminated, the
steady-state motion of the double-sphere is that of a steadily
precessing top with a fixed center of mass:11 the normal
force gives rise to a torque that leads to precession of the
angular momentum about the vertical axis.

The idealized sequence just described is not the way a real
double-sphere would evolve into its steady state. The actual
dynamics of how the double-sphere reaches the steady state
is typically much more complicated. But the goal of this
study is not to perform a detailed analysis of how the
double-sphere arrives at the steady state. Instead, we focus
our attention on the steady-state motion.

III. QUANTITATIVE ANALYSIS

While the preceding qualitative description may help stu-
dents understand the underlying physics, they still might
have trouble visualizing the steady-state motion of the
double-sphere. To help students understand this motion, we
recorded it using a high-speed video camera; a set of still
frames from this video is shown in Fig. 3 (with a video
enhancement online). As is evident from the figure (and the
slow-motion video), it is indeed true that only one ball is in
contact with the table and that it rolls without slipping.
Furthermore, the center of mass does not appear to move
during the motion and the rotation rates about the vertical
axis and the symmetry axis are identical (something that is
not generally true for a precessing top).

Figure 4 shows a schematic drawing of the double-sphere
in action. In this figure, h, /, and w are similar to the Euler
angles, and dots denote derivatives with respect to time. The
fêx; êy; êzg coordinate system (lab frame) is an inertial, labo-
ratory coordinate system, and the fê1; ê2; ê3g coordinate sys-
tem (rotating frame) remains parallel to the body’s principal
axes while rotating with angular velocity X about the vertical
(z) axis (both êy and ê2 point out of the page in Fig. 4). Each
ball has radius R and mass M and the symmetry axis has a
fixed angle h 2 ½0; p=2� with the vertical. Points C and P
denote the center of mass and the point of contact with the

table, respectively. Knowing that the double-sphere contin-
ues to spin for a long time, we will assume that rolling fric-
tion is negligible, except to the extent necessary to maintain
the rolling-without-slipping constraint.

A. Lagrangian approach

The motion of a double-sphere provides an excellent
example of a nontrivial motion that can be handled using the
Lagrangian approach and is easier to understand than the tra-
ditional spinning top. Moreover, the motion is simple to
reproduce, allowing one to readily compare theory with
experiment.

We begin with the assumption that there can be rotations
in three mutually perpendicular directions but that the kinetic
energy of the center-of-mass motion can be ignored—the
motion is entirely rotational. The kinetic energy T is most
easily expressed when using the body’s principal axes, where
the inertia tensor is diagonal. In the present case this gives
T ¼ 1

2
I1x2

1 þ I2x2
2 þ I3x2

3

� �
, where Ij (with j¼ 1, 2, 3) are

the object’s principal moments of inertia and xj are the com-
ponents of the angular velocity vector x along the principal
axes. One consequence of this choice is that we need to
express the angular velocity in the rotating frame, whereas
the most obvious component of rotation is along the labora-
tory coordinate êz.

From the geometry shown in Fig. 4, we see that the angu-

lar velocity is most easily expressed as x ¼ _/ êz � _h ê2

þ _w ê3, which can be written completely in terms of the
rotating-frame coordinates as

x ¼ _/ sin h ê1 � _h ê2 þ ð _w þ _/ cos hÞê3: (1)

Fig. 3. A set of still frames from a high-speed (2,000 fps) video of a steel

double-sphere when rotating at 2,449 rpm. A red line was painted on the

balls to distinguish spinning about the symmetry axis. The times were cho-

sen so that each column would have the double-sphere in approximately the

same orientation (note that the red line is in the same position in each col-

umn). It is evident from the video that the ball in contact with the surface

rolls without slipping during the motion and that the rotation rates about the

vertical axis and the symmetry axis are the same (enhanced online) [URL:

http://dx.doi.org/10.1119/1.4930087.2].
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If we take the zero point for gravitational potential energy to
be h ¼ p=2, we obtain a Lagrangian of the form

L ¼ 1

2
I1

_/
2

sin2 hþ 1

2
I2

_h
2 þ 1

2
I3

_w þ _/ cos h
� �2

� 2MgR cos h: (2)

This Lagrangian is completely general for the rotational
motion (under the assumption that the kinetic energy of the
center-of-mass motion can be neglected). That is, we have
not yet made any assumptions regarding rolling without
slipping or being in steady-state motion. As such, this
Lagrangian will act as the starting point for investigating dif-
ferent aspects of the double-sphere’s behavior. For example,
in Appendix A we investigate the conditions that lead to one
ball losing contact with the table (the “liftoff” condition).
Here, we focus our attention on the steady-state behavior to
determine how the angle of the symmetry axis h depends on
the rotation rate _/ about the vertical axis.

1. Steady-state solution

The steady-state situation is the one most easily obtainable
experimentally, as simply spinning the balls with a relatively
high rate of rotation quickly achieves the steady-state condi-
tion. For the steady state, we can simplify the Lagrangian in
Eq. (2) to reflect the following conditions: (i) the angle h
with the vertical remains fixed and (ii) the double-sphere
rolls without slipping during its motion. A fixed h simply
means we can neglect _h terms. Meanwhile, the rolling-with-
out-slipping constraint gives rise to a relationship between
the rotation rate about the vertical axis ( _/) and the rotation
rate about the symmetry axis ( _w). Referring to Fig. 4, we see
that the point of contact P moves with speed v/ ¼ _/ r/ about
the vertical axis (tracing out a circle of radius r/ ¼ R sin h
on the table) while simultaneously moving with speed vw

¼ _w rw about the symmetry axis (tracing out a circle of

radius rw ¼ R sin h on the ball). Rolling without slipping
implies that these two speeds are the same, and equating
them leads to _/ ¼ _w � X, precisely what is observed experi-
mentally from the slow-motion video (see Fig. 3).

Putting these two conditions into Eq. (2) leads to a simpli-
fied, steady-state Lagrangian

L ¼ 1

2
I1X

2 sin2 hþ 1

2
I3X

2 1þ cos hð Þ2 � 2MgR cos h:

(3)

Since our interest is in finding how h depends on the rotation
rate X, the relevant Lagrange equation is for the coordinate
h. Equation (3) is independent of _h, so the Lagrange equation
reduces to @L=@h ¼ 0; carrying out the differentiation then
leads to

sin h cos h ¼ I3

I1

1� 2MgR=I3X
2

1� I3=I1

 !
sin h: (4)

One (unstable) solution to this equation is sin h ¼ 0 (one ball
is directly above the other). Thus, assuming h 6¼ 0, we find
the stable solution

cos h ¼ 2

5
� g

X2R
; (5)

where we have used the fact that I1 ¼ 2 7
5

MR2
� �

and I3

¼ 2 2
5

MR2
� �

for a double-sphere.
The first thing to notice about Eq. (5) is that there are no

solutions if X2 < X2
c � 5

2
g=RÞð for h 2 ½0; p=2�. Thus, there

is a critical angular velocity below which the steady-state
motion represented in Fig. 4 is not possible. Consistent with
our earlier observations, spinning the double-sphere too
slowly results in both balls remaining in contact with the ta-
ble and not achieving sustained motion. Taking the ball di-
ameter to be 1 cm, an order-of-magnitude calculation
predicts a minimum rotation frequency of about 10 Hz,
which is consistent with our casual observations.

The second thing to notice about Eq. (5) is that as the
angular velocity increases, h will decrease so that the sym-
metry axis makes a larger angle with the horizontal.
However, as X!1, we see that h reaches the limiting
value hmin ¼ cos�1ð2=5Þ � 66�. Thus, the maximum angle
that the symmetry axis is predicted to make with the horizon-
tal is about 24�. Again, this angle is qualitatively consistent
with our casual observations. Of course, to test Eq. (5) quan-
titatively requires that we systematically measure h as a
function of X (see Sec. IV). Before doing so, however, we
make a brief comment about the angular momentum and
then use an alternate approach to analyze the system.

2. Angular momentum vector

It is worth emphasizing that during the steady-state motion
the angular momentum vector is not aligned with the angular
velocity. This is contrary to what students are taught in first-
year physics, where it is implicit in the formula L ¼ Ix that
L and x are parallel. The more general relationship is of
course L ¼ I � x, where I is the inertia tensor for the object,
which can be described as a 3� 3 matrix. As with vectors,
the components of the inertia tensor depend on the

Fig. 4. Schematic diagram showing the geometry of a double-sphere in

steady-state motion (with _/ ¼ _w � X and _h ¼ 0). The êy and the ê2 axes

both point out of the page. The angular velocity x coincides with the instan-

taneous axis of rotation, which passes through the center of mass C and the

point of contact P. Under the constraint of rolling without slipping, x forms

an angle h=2 with the vertical, and P traces out a circle of radius r/ ¼
R sin h on the table (and a circle of radius rw ¼ R sin h on the ball).
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coordinate system used, and the equations are simplest when
using the principal axes in which I is diagonal. This is the
reason for writing x using the fê1; ê2; ê3g coordinate system
in Eq. (1).

For steady-state motion ( _/ ¼ _w ¼ X and _h ¼ 0), the
angular momentum becomes

L ¼ I � x ¼ I1X sin h ê1 þ I3Xð1þ cos hÞ ê3; (6)

which is parallel to x only if I1 ¼ I3. For the double-sphere,
we have I1> I3 so that L lies between x and the vertical
axis, as shown in Fig. 4.

B. Torque analysis

As is common when using a Lagrangian approach, the
equations are relatively easy to obtain but are divorced from
such intuitive ideas as torque and equilibrium. Therefore, to
try to understand the system from a more conceptual stand-
point, we will analyze it using a different approach.

Conceptually, the motion of the double-sphere is similar
to that of a gyroscope experiencing a constant torque or an
electron (with spin) in a constant magnetic field. If we imag-
ine for a moment that the double-sphere is initially spinning
only about its axis of symmetry (but maintains the orienta-
tion shown in Fig. 4), then the angular momentum will also
point along the axis of symmetry. However, the fact that the
double-sphere is in a gravitational field and in contact with
the table leads to a torque that points into the page in Fig. 4.
Of course, the torque must equal the time rate of change of
angular momentum, so L, and therefore the axis of symme-
try, will begin to precess about the z-axis in Fig. 4.

One way to approach this problem is to rewrite the angular
momentum vector in Eq. (6) with its time dependence
made explicit by resolving the rotating-frame coordinates
fê1; ê2; ê3g in terms of the inertial coordinates fêx; êy; êzg.
This approach allows one to take the time derivative explic-
itly and equate it to the (time-dependent) torque. Such a pro-
cedure is relatively straightforward, albeit somewhat tedious
(see Appendix B). Here, we opt for a more elegant approach.

Because the double-sphere rotates about the z-axis with a
constant angular velocity (in steady state), a natural approach
is to make use of a rotating coordinate system. Recall that in
any inertial (laboratory) coordinate system, the net applied
torque C is equal to the time rate of change of angular
momentum

Clab ¼
dL

dt

� �
lab

; (7)

where the subscript “lab” reminds us that this equation holds
in the (inertial) laboratory frame. Now imagine another coor-
dinate system that rotates about the center of mass with a
constant angular velocity X. The angular momentum time
derivative can be calculated using the so-called transport
theorem:12

dL

dt

� �
lab

¼ dL

dt

� �
rot

þX� L; (8)

where the subscript “rot” reminds us that the derivative is
taken in the rotating frame.

In the present situation, the problem is simplified consider-
ably if we transform to a coordinate system that rotates with
angular velocity X ¼ X êz about the center of mass. In such
a frame, the vector L is constant so that ðdL=dtÞrot ¼ 0, leav-
ing us with

Clab ¼
dL

dt

� �
lab

¼ X êz � L: (9)

Now, the net torque (about the center of mass) in the lab
frame is due solely to the normal reaction force N ¼ 2Mg êz

at point P and is given by (see Fig. 4)

Clab ¼ �2MgR sin h ê2: (10)

Meanwhile, with the help of Eq. (6), we have

X êz � L ¼ X2 sin h½ðI1 � I3Þ cos h� I3�ê2; (11)

and equating Eqs. (10) and (11) then leads directly to Eq. (4).
While it is gratifying to obtain the same result using an

alternate analysis, one advantage of this approach is that it is
somewhat easier to understand the physics compared to the
Lagrangian approach. For example, while it is relatively
clear from the outset that the precessional behavior is a result
of equating the torque to the time derivative of angular mo-
mentum, Eqs. (10) and (11) help us to understand on more
physical grounds why there is a critical value of X and why
there is a minimum value of h.

C. Limiting cases

To understand the limiting cases for X and h, we first note
that because h lies between 0 and p=2, the quantity sin h is
always positive. From Eq. (10), we see that the torque will
always point in the negative ê2 direction (into the page in
Fig. 4). Therefore, in order for the double-sphere to maintain
its steady-state motion, the cross product in Eq. (11) must
also point in the negative ê2 direction, which is certainly the
case when L lies between x and êz as shown in Fig. 4. But if
L were to lie on the opposite side of êz, the cross product
would be in the positive ê2 direction (out of the page), and it
would be impossible to form an equality between Eqs. (10)
and (11).

Mathematically, we can understand this behavior by
examining Eq. (11). Since X2 sin h is always positive, it is
the sign of the factor in square brackets that determines the
direction of the cross product X� L (and thus the direction
of dL=dt). When h ¼ p=2, this factor is negative, so the
cross product will point in the correct direction. However,
as h decreases from p=2, the factor in square brackets
in Eq. (11) becomes smaller in magnitude, and will eventu-
ally approach zero (when êz and L are collinear).
Qualitatively, as L becomes more aligned with êz, its
horizontal component—the component that enters into the
cross product—becomes smaller, and hence L must precess
more rapidly to compensate. The end result is that X!1
as L approaches the vertical.13 Thus, we see that the mini-
mum value for h is a result of the angular momentum vector
approaching the vertical (a¼ 0 in Fig. 4).14 Interestingly, in
this limit, the torque is negligible compared to the product

IX2 (or, equivalently, g	 X2R), which renders the dynam-
ics (nearly) indistinguishable from free-body motion (see
Ref. 9 for more detail).

963 Am. J. Phys., Vol. 83, No. 11, November 2015 Jackson, Mertens, and Pearson 963



Similar reasoning also allows us to understand the critical
value for X. Because the torque, as given by Eq. (10), is in-
dependent of the precession frequency, a sufficiently large X
is required before dL=dt, as given by Eq. (11), will be equal
to the torque.

IV. EXPERIMENTAL DETAILS AND RESULTS

According to a video on the company website, Hurricane
Balls are welded together with about 800 amps of current.
Rather than try to reproduce this process, we opted for an eas-
ier alternative and simply glued two steel balls together using
epoxy. Using a track to keep the balls aligned with each other
and a strong magnet to hold them together makes this a rela-
tively painless task. One downside of gluing the balls together
is that at high enough rotation rates, the balls can be torn apart
by centrifugal forces (which, incidentally, students find quite
appealing). Because we were curious as to the maximum rota-
tion rate we could achieve, we also constructed some double-
spheres by drilling small holes into brass balls and using a
threaded insert to screw them together.

Once we had constructed double-spheres of different sizes
and materials, we recorded their motion using a high-speed
camera (Fastec TS3-100) at 2,000 frames per second.15

When recording at such high frame rates, lighting and con-
trast are critical. Also, because the lens will likely be set at
its widest aperture setting (to let in as much light as possi-
ble), the depth of field may be quite shallow, making it easy
to obtain blurry images. Our solution was to focus the cam-
era on the double-sphere when it was not moving and lightly
mark this position on the table. Then, when the double-
sphere was set in motion, we used an air source to guide it
into the appropriate location.

We analyzed our videos using the free video-analysis pro-
gram Tracker.16 We begin by orienting the coordinate system
in the program to account for any slight tilt of the camera. For
a properly leveled table, the bottom ball’s motion is strictly
horizontal and its contact point with the table moves along a
line. We align the horizontal axis with the bottom ball’s con-
tact point, then translate it down to minimize visual clutter.
Next, we search for a frame in the movie where the symmetry
axis is oriented perpendicular to the viewing direction.
Finally, we use the protractor tool in Tracker and align one
arm of the protractor parallel to the horizontal axis of the
coordinate system and the other arm so that it is tangent to
both balls (see Fig. 5). We then advance the video through a
complete revolution before repeating the measurement. By
measuring two additional revolutions in the same manner, we
end up with four independent angle measurements corre-
sponding to three complete revolutions of the double-sphere.
The period of the motion is determined by counting the num-
ber of frames between the chosen analysis frames multiplied
by the time between frames (1/2,000 of a second). Averaging
the angle and period measurements then gives us a single
data point. Continuing in this manner, we determined a num-
ber of different angles and periods for double-spheres of dif-
ferent sizes.

Obtaining the data using the technique described here
should be relatively straightforward for undergraduate stu-
dents to carry out, and this is one of our main objectives. It
took us approximately 3 h to record the video for seven dif-
ferent double-spheres, and another hour or so to extract the
data for each one. Much of the recording time was spent

setting up the camera and arranging appropriate lighting; the
actual recording goes quickly.

Figure 6 shows the experimental results for three different
sized double-spheres, all constructed by gluing steel balls to-
gether. In this figure, we plot the angle h as a function of the
dimensionless angular velocity ~X � X

ffiffiffiffiffiffiffiffi
R=g

p
, along with the

theoretical prediction from Eq. (5). The agreement with the
theory is seen to be quite good.

Interestingly, the data for the (brass) double-spheres that
were screwed together fell systematically below the predic-
tion in Fig. 6. This puzzled us for some time until we real-
ized that Eq. (4) shows that the minimum angle (obtained by
taking X!1) depends on the ratios of the moments of
inertia: cos hmin ¼ ðI3=I1Þ=ð1� I3=I1Þ. Thus, if the distance
between the two balls were to increase, say, then the quantity
I3=I1 would decrease, resulting in an increase in hmin.
Conversely, decreasing the distance between the two balls
would result in a decrease in hmin.

Upon closer inspection of the brass double-spheres, we
found that they were a bit closer together than they should

Fig. 5. A screenshot from the video analysis program Tracker, demonstrat-

ing how we measured the angle of the double-sphere. In this particular

example, the measured angle was 24:3�.

Fig. 6. The angle h is plotted as a function of the (dimensionless) angular ve-

locity ~X � X
ffiffiffiffiffiffiffiffi
R=g

p
for the steel balls that were glued together. The experi-

mental points correspond to steel balls with diameters in inches of 0.5 (�),

0.375 (�), and 0.25 (�), and the curve is the theoretical prediction given by

Eq. (5). The dashed lines show the (dimensionless) critical angular velocity
~Xc and the minimum angle hmin.
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be. This initially surprising observation became clear almost
immediately. When you drill holes into the balls, a small
spherical cap is effectively removed from each ball. Thus, if
the two balls are screwed together until they touch, the dis-
tance between their centers will be a bit smaller than 2R, and
such a change should result in data that falls a bit below the
prediction in Fig. 6.

Going back to Eq. (4), we see that if the moments of iner-
tia change, then our prediction for how h depends on X will
also change, and Eq. (5) will no longer be valid. In addition,
a change in the distance between the ball centers affects both
the potential energy (the center of mass is not as high for a
given angle) and the angular velocity (the circular path
traced out on the table has a smaller radius), and both of
these changes will affect the Lagrangian given in Eq. (3).
Accounting for these changes (see Appendix C) leads to a
slightly modified prediction, which agrees quite well with
the experimental data (see Fig. 7).

V. CONCLUSION

We have presented a theoretical and experimental analysis
of the motion of a rotating double-sphere and believe that
such an analysis is ideally suited for an undergraduate course
in classical mechanics. The theoretical analysis should be well
within the grasp of most students, and the experiments are
straightforward to perform and analyze. Moreover, the good
agreement between theory and experiment—without any
approximations or fitting parameters—should provide students
with a feeling of accomplishment and mastery that is often
lacking in upper-division physics courses. In addition, the
high spin-rate of a double-sphere—and the fascinating slow-
motion video—is quite captivating to students and provides a
natural motivation to understand the details of this system.

The analysis presented here could be incorporated directly
into a course in classical mechanics, or assigned as one or more
homework problems or a student project. To keep the theoreti-
cal analysis as straightforward as possible, we recommend
using a set of double-spheres that are glued together, which

avoids the subtleties discussed in Appendix C. If students are
sufficiently motivated, determining how the spacing between
balls affects the results could be explored as an extended pro-
ject and/or through additional homework problems.

We believe that incorporating such a simple example of
nontrivial rigid-body motion will liven up what is typically a
dry and technical part of a classical mechanics course. A dis-
cussion of a double-sphere would be good preparation for
more complex motions, such as the study of a symmetric
spinning top. Alternatively, depending on time constraints, it
may be desirable to replace the traditional analysis of a spin-
ning top with some form of the analysis presented here.

Finally, we note that the analysis presented in this article
could be extended without much difficulty to other geome-
tries, including cylinders, disks,13,17–19 or other (azimuthally)
symmetric shapes, including, for example, a ball with some
other (non-spherical) object attached to it.20 Sufficiently
motivated students will find many avenues for further study,
and such open-ended exploration would provide a nice as-
pect to their education as physicists.
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APPENDIX A: DETERMINING THE LIFTOFF

CONDITION

To obtain the liftoff condition, we return to our general
Lagrangian (2) that distinctly accounts for motion in h, /,
and w and does not assume rolling without slipping (since
the balls’ initial state before stable spinning involves slip-
ping). Liftoff occurs when the double-sphere is horizontal
(h ¼ p=2) and when €h < 0. As a reminder, the general
Lagrangian from Sec. III A is (still neglecting frictional
forces as we have throughout this discussion)

L ¼ 1

2
I1

_/
2

sin2 hþ 1

2
I2

_h
2 þ 1

2
I3

_w þ _/ cos h
� �2

� 2MgR cos h: (A1)

From this Lagrangian, we can obtain the equation of motion
for h

d

dt
I2

_h
� �

¼ I1
_/

2
sin h cos h� I3

_w þ _/ cos h
� �

_/ sin h

þ 2MgR sin h; (A2)

and evaluate the trigonometric functions at h ¼ p=2. The
right side of Eq. (A2) then simplifies considerably, leaving
us with I2

€h ¼ 2MgR� I3
_w _/. The condition for liftoff is that

€h < 0, meaning 2MgR < I3
_w _/ or

_w _/ >
2MgR

I3

: (A3)

For our double-spheres, a typical threshold value would
be _w _/ � 125 rev2/s2.

Fig. 7. Comparison between theory and experiment for the double-spheres

that are screwed together. The dashed curve is the original prediction from

Eq. (5) and the solid curve is the new prediction calculated using Eq. (C2),

as described in Appendix C. The distance between the centers of the spheres

in this analysis is given by 2Rð1þ dÞ. Measurements of our double-spheres

showed that the separation distances were 5.3% to 10.2% smaller than for

perfect spheres, i.e., d 2 ½�0:102;�0:053�. These limits are indicated by the

gray shaded region; the solid curve uses the average value of d ¼ �0:079.
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The conventional method for starting the double-sphere
imparts a large _/ and virtually no _w; asymmetries in friction
presumably lead to sufficient _w to satisfy the liftoff condi-
tion. One of the more amusing ways to start the stable
motion of the double-sphere is to press down on one of the
two balls until the double-sphere shoots out from underneath
the finger. When done properly, this technique imparts both
spin about the symmetry axis and rotational motion about
the vertical. This mechanism leads to a substantial initial _w,
while _/ can be adjusted by changing the initial finger posi-
tion. In particular, the double-sphere can be made to rise off
the table with remarkably small _/, making the motion in h
much easier to observe.

APPENDIX B: ALTERNATE DERIVATIONS

OF EQ. (4)

For pedagogical completeness, we provide two additional
derivations of Eq. (4), one based on finding the time-
dependent vectors in an inertial frame, and the other based
on energy minimization.

1. Inertial frame analysis

Although it is relatively easy to write down the angular
momentum L in terms of the rotating frame to arrive at
Eq. (6), these unit vectors are actually rotating about the ver-
tical axis with an angular velocity X. One approach is thus to
find the time dependence of the unit vectors and replace
them in Eq. (6). This process is simplified with the use of
rotation matrices.

First, we note that the lab frame is rotated about the y-axis
by angle h with respect to the rotating frame. Assuming that
Fig. 4 was drawn at time t¼ 0, the components of L in the
inertial system at this time, LðiÞð0Þ, can be obtained from the
components of L in the rotating frame LðrÞ as

LðiÞð0Þ ¼ RyðhÞLðrÞ; (B1)

where LðiÞ and LðrÞ represent column vectors and RyðhÞ is the
(passive) rotation matrix for rotations about the y-axis. To
get the time dependence, we next rotate the vector L about
the z-axis by an angle Xt. This is an active rotation of the
vector L, which is equivalent to a passive rotation of the
coordinate system21 by angle �Xt. Therefore, the time-
dependent angular momentum components can be found
using

LðiÞðtÞ ¼ Rzð�XtÞRyðhÞLðrÞ; (B2)

where Rz is the (passive) rotation matrix for rotations about
the z-axis.

Meanwhile, the torque about the center of mass in Fig. 4
is given in the body coordinates in Eq. (10). Similar to what
was just done with the angular momentum vector, the time
dependence of the torque can be obtained by rotating the
vector C about the z-axis by an angle Xt, giving

CðiÞðtÞ ¼ Rzð�XtÞCðrÞ: (B3)

A rotation about the y-axis is not required in Eq. (B3)
because C is already collinear with both ê2 and êy. Finally,
using Eqs. (6) and (10) for the components of LðrÞ and CðrÞ,
respectively, in Eqs. (B2) and (B3), and then setting

C ið Þ tð Þ ¼ dL ið Þ tð Þ
dt

; (B4)

we are once again led to Eq. (4).

2. Energy minimization

Because there are dissipative forces at work during the
early (transient) part of the double-sphere’s motion, the
system quickly evolves into a minimum-energy state.11

Here, we derive Eq. (4) by minimizing the energy of the
system.

Because the body coordinate system in Fig. 4 is aligned
with the double-sphere’s principal axes, the steady-state
Lagrangian (3) was straightforward to write down. This
means that it is equally straightforward to write down an
expression for the “energy” of the system—just change the
sign of the potential energy term in Eq. (3):

E ¼ 1

2
I1X

2 sin2 hþ 1

2
I3X

2 1þ cos hð Þ2 þ 2MgR cos h:

(B5)
The trouble with this expression is that h and X are not inde-
pendent variables. While this is indeed the correct energy for
a given h and X, arbitrary values of h and X will not corre-
spond to the actual motion of the object. Thus, if we were to
treat X as constant and then minimize this expression with
respect to h, we would not end up with Eq. (4).

In reality, h and X are related through the angular
momenta L3 ¼ I3Xð1þ cos hÞ and Lz ¼ I1X sin2 hþ I3X
ð1þ cos hÞ cos h ¼ I1X sin2 hþ L3 cos h, both of which are
constants of the motion. The problem is that the energy in
Eq. (B5) has been written in terms of the positions and veloc-
ities instead of the positions and momenta (as in the
Hamiltonian). Only then would we be able to (mindlessly)
minimize the energy with respect to h to arrive at the correct
expression.

The systematic procedure22 is to begin with the general
Lagrangian in Eq. (2). Because this Lagrangian does not
depend on the coordinates / and w, the corresponding
momenta (p/ and pw) will be conserved and are precisely the
angular momenta mentioned above: p/ ¼ Lz and pw ¼ L3.
Constructing the Hamiltonian (remembering to substitute for
the velocity expressions in terms of the positions and
momenta) then gives

E ¼ Lz � L3 cos hð Þ2

2I1 sin2 h
þ L2

3

2I3

þ 2MgR cos h; (B6)

where we have used the fact that _h ¼ 0. Setting the deriva-
tive of this expression equal to zero and then substituting for
Lz and L3, we again arrive at Eq. (4).

If we do not assume _h ¼ 0, then Eq. (B6) would be aug-
mented by 1

2
I2

_h
2

and the energy would be identical to that of
a spinning top with a fixed point of contact.23 Analyzing
such a system using an effective potential energy is the tradi-
tional strategy used to qualitatively understand the nutation
of a spinning top. Interestingly, such nutating motion does
not easily arise with a double-sphere. We believe this is due
to the importance of the kinetic frictional force in getting
one ball to rise, and in continuing to dissipate energy as the
system evolves into a steady state.11
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APPENDIX C: CORRECTIONS FOR IMPERFECT

DOUBLE-SPHERES

To determine how the results depend on the spacing
between the two balls, we consider two balls of radius R and
mass M whose centers are separated by a distance
2Rð1þ dÞ, with d as a small (jdj 	 1) dimensionless param-
eter. When d > 0, there will be a small amount of space
between the two balls and when d < 0 the balls will
“overlap” by a small amount. Although such overlapping is
not physically possible, as long as jdj 	 1 any error to the
actual moments of inertia will be of order d2 (or higher) and
will therefore be neglected. Note that if d > 0, there will be
an additional contribution to the inertia from the screw that
holds the balls together, but this contribution will also be of
order d2 (or higher) and will be neglected.

The moment of inertia along the symmetry axis is easy to
calculate because this axis goes through the centers of the
balls regardless of the value of d. Therefore, to lowest order in
d, this moment of inertia is always given by I3 � 2 2

5
MR2

�
).

To find the moment of inertia along the principal axis per-
pendicular to the symmetry axis, we invoke the parallel axis
theorem to get

I1 ¼ 2
2

5
MR2 þMR2 1þ dð Þ2

� �

� 2
7

5
MR2

� �
1þ 10

7
d

� �
; (C1)

where the second line is accurate to first order in d.
Next, we note that the center of mass of the system will now

be a distance Rð1þ dÞ from the center of each ball (see Fig.
4), which has two consequences. First, the potential energy of
the system will now be given by V ¼ 2MgRð1þ dÞ cos h,
instead of 2MgR cos h. And second, the point of contact P will
now move with speed v/ ¼ _/Rð1þ dÞ sin h about the vertical
axis (on the table), while continuing to move with speed vw
¼ _wR sin h about the symmetry axis (on the ball). The result is
that the angular velocities about the vertical and symmetry
axes will no longer be locked in a perfect one-to-one corre-
spondence. If we let X ¼ _/ be the rotation rate about the verti-
cal axis and again require rolling without slipping, then
_w ¼ Xð1þ dÞ will be the rotation rate about the symmetry
axis. Making this substitution changes the ê3 term in Eq. (1) to
Xð1þ dþ cos hÞ.

Using the corrected angular velocity x and potential
energy V in the Lagrangian (3) then leads, to lowest order in
d, to an equation identical to Eq. (4), but with an extra factor
of ð1þ dÞ on the right-hand side. If we then substitute for I1

from Eq. (C1), we find the first-order correction to Eq. (5) is

cos h ¼ 2

5
� g

X2R

� �
1� dð Þ; (C2)

which is used to plot the curves in Fig. 7. Although we have
plotted results only for d < 0, this equation is also valid for
d > 0 (as long as jdj 	 1), and additional experiments with
double-spheres having d > 0 (not shown here) show equally
impressive agreement with Eq. (C2).
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